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ANALYTICALLY STABLE HIGGS BUNDLES ON SOME
NON-KA¨HLER MANIFOLDS
CHUANJING ZHANG AND XI ZHANG
Abstract. In this paper, we study Higgs bundles on non-compact Hermitian mani-
folds. Under some assumptions for the underlying Hermitian manifolds which are not
necessarily Ka¨hler, we solve the Hermitian-Einstein equation on analytically stable Higgs
bundles.
1. Introduction
Let (M,ω) be an n-dimensional Hermitian manifold and (E, ∂E) a r-rank holomorphic
vector bundle on M . A Hermitian metric H on the bundle E is called ω-Hermitian-
Einstein if it satisfies the following Hermitian-Einstein equation on M , i.e.
(1.1)
√−1Λω(FH − 1
r
trFHIdE) = 0,
where FH is the curvature tensor of Chern connection DH with respect to H and Λω
denotes the contraction with the Hermitian metric ω.
When (M,ω) is a compact Ka¨hler manifold, by the famous Donaldson-Uhlenbeck-Yau
theorem ([28, 9, 31]), we know the holomorphic vector bundle (E, ∂E) must have an ω-
Hermitian-Einstein metric if (E, ∂E) is ω-stable in the sense of Mumford-Takemoto. This
classical result has a lot of interesting and important generalizations and extensions (see
[18, 13, 29, 5, 6, 11, 14, 1, 2, 7, 15, 16, 17, 26, 22, 23], etc.).
A Higgs bundle (E, ∂E, θ) over M is a holomorphic bundle (E, ∂E) coupled with a
Higgs field θ ∈ Ω1,0X (End(E)) such that ∂Eθ = 0 and θ ∧ θ = 0. Higgs bundles first
emerged thirty years ago in Hitchin’s ([13]) reduction of self-dual equation on R4 to
Riemann surface and in Simpson’s ([29]) work on nonabelian Hodge theory, they have
rich structures and play an important role in many different areas including gauge theory,
Ka¨hler and hyperka¨hler geometry, group representations and nonabelian Hodge theory.
Letting H be a Hermitian metric on the bundle E, we consider the Hitchin-Simpson
connection: DH,θ = DH + θ+ θ
∗H , where θ∗H is the adjoint of θ with respect to the metric
H . The curvature of this connection is
FH,θ = FH + [θ, θ
∗H ] + ∂Hθ + ∂¯Eθ
∗H ,
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where ∂H is the (1, 0)-part ofDH . A Hermitian metricH is said to be a Hermitian-Einstein
metric on Higgs bundle (E, ∂E , θ) if it satisfies
(1.2)
√−1ΛωF⊥H,θ = 0.
where F⊥H,θ is the trace-free part of the curvature of the Hitchin-Simpson connection.
The Donaldson-Uhlenbeck-Yau theorem was generalized to the Higgs bundles case by
Hitchin ([13]) and Simpson ([29], [30]). Simpson ([29]) even studied some non-compact
Ka¨hler manifolds case. Under some assumption for the base manifold, he proved that
the analytic stability implies the existence of Hermitian-Einstein metric. The Donaldson-
Uhlenbeck-Yau theorem for the non-compact base manifold case is important and inter-
esting ([16, 22, 23, 24]). Recently, Mochizuki ([25]) made an important progress in this
direction. He weakened the assumption in Simpson’s result such that the volume of base
manifold may not be finite and he also studied the curvature decay of the Hermitian-
Einstein metrics.
In this paper, we study the non-Ka¨hler case. A Hermitian metric ω is called to be
Gauduchon if it satisfies ∂∂ωn−1 = 0. If M is compact, it has been proved by Gaudu-
chon ([12]) that there exists a Gauduchon metric in the conformal class of every Hermitian
metric ω. When the base Hermitian manifold is compact and Gauduchon, the Donaldson-
Uhlenbeck-Yau theorem is also valid (see [3, 4, 8, 18, 20, 21]). Inspired by Mochizuki’s
result ([25]), we consider the case that the base manifold (M,ω) is non-compact Gaudu-
chon and satisfies the following assumption.
Assumption 1. Let ϕ be a nonnegative function on (M,ω) with
∫
M
ϕω
n
n!
< +∞.
There exist positive constants Ci (i=1, 2) such that for any nonnegative bounded function
f satisfying
(1.3)
√−1Λω∂∂f ≥ −Bϕ
in weakly sense (see definition (2.4) for details) for a positive number B, we have
(1.4) sup
x∈M
f(x) ≤ C1B + C2
∫
M
fϕ
ωn
n!
.
Moreover, if the function f satisfies
√−1Λω∂∂f ≥ 0 onM , then we have
√−1Λω∂∂f ≡ 0.
Let the background metric H0 be a Hermitian metric of E such that
(1.5) |√−1ΛωFH0,θ|H0 ≤ Bˆϕ
for some constant Bˆ > 0. Define the analytic degree of E to be the real number
degω(E,H0) =
√−1
∫
M
tr(ΛωFH0,θ)
ωn
n!
.
As in [29], we define the analytic degree of any saturated sub-Higgs sheaf S of (E, ∂E , θ)
by
(1.6) degω(S, H0) =
∫
M\ΣS
(
√−1tr(πSΛωFH0,θ)− |∂θπS |2H0)
ωn
n!
,
where ΣS denotes the set of singularities where S is not locally free, ∂θ := ∂E + θ and
πS denotes the projection onto S with respect to the metric H0 outside ΣS . When the
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base Gauduchon manifold (M,ω) is compact, it is easy to see that the analytic degree
degω(S, H0) is independent of the choice of the background metric H0.
Following [29], we say that the Higgs bundle (E, ∂E, θ) is H0-analytic stable (semi-
stable) if for every proper saturated sub-Higgs sheaf S ⊂ E, it holds
(1.7)
degω(S, H0)
rank(S) < (≤)
degω(E,H0)
rank(E)
.
Now we give our main theorem as follows.
Theorem 1.1. Let (M,ω) be a non-compact Gauduchon manifold satisfying the assump-
tion 1, (E, ∂E, θ) a Higgs bundle over M and H0 a background Hermitian metric on E
satisfying the condition (1.5). If (E, ∂E, θ) is analytically H0-stable, then there exists a
Hermitian-Einstein metric H satisfying the below conditions:
(i) det(H) = det(H0).
(ii) Set h = H−10 H. Then, |h|H0 and |h−1|H0 are bounded, and
∫
M
(|∂Eh|2H0+|[θ, h]|2H0)ω
n
n!
<
+∞.
The above theorem can be seen as a generalization of Mochizuki’s result ([25]) to the
non-Ka¨hler case. In [25], Mochizuki proved the existence of an exhaustion function φ on
M . Fix a number ai and let Mi denote the compact space φ(x) ≤ ai with boundary ∂Mi,
so we can take a sequence of exhaustion compact subsets Mi in M with ∪Mi =M . Let’s
consider the Dirichlet problem on Mi:
(1.8)
{√−1ΛωF⊥Hi = 0,
Hi|∂Mi = H0.
According to the results of Donaldson ([10], [33] for the Hermitian manifold case), we know
that there exists a unique Hermitian metric Hi satisfying the above Dirichlet problem
(1.8) and det(Hi) = det(H0) on Mi. Following the idea in [25], one can take the limit as
ai → +∞ and get the convergence H∞ of a subsequence of Hi on any compact subset,
which should satisfy
√−1ΛωF⊥H∞ = 0 on the whole M . Now the key is to obtain a C0-
bound. When the base manifold is Ka¨hler, Mochizuki ([25]) introduced the Donaldson’s
functional on the space of Hermitian metrics satisfying the Dirichlet boundary condition.
The Donaldson’s functional played a key role in Mochizuki’s proof of the uniform C0-
bound. However, in the non-Ka¨hler case, the Donaldson functional may not be well-
defined. So we need new argument in our case. In fact, our argument relies on the
following identity:
(1.9)
∫
M
tr(Φ(H0, θ)s)
ωn
n!
+
∫
M
〈Ψ(s)(∂θs), ∂θs〉H0
ωn
n!
=
∫
M
tr(Φ(H, θ)s)
ωn
n!
,
where s = log(H−10 H),
(1.10) Φ(H, θ) =
√−1Λω(FH + [θ, θ∗H ])
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and
(1.11) Ψ(x, y) =

ey−x − 1
y − x , x 6= y;
1, x = y.
The above identity (1.9) was proved in [27] for the closed Gauduchon manifold case,
and in [32] for the compact Gauduchon manifold with non-empty boundary and some
non-compact case.
This paper is organized as follows. In Section 2, we give some estimates and preliminar-
ies for the Hermitian-Einstein equation (1.2). In Section 3, we give a proof of Theorem 1.1
by using the identity (1.9). In Section 4, we study the uniqueness of Hermitian-Einstein
metric in Theorem 1.1.
Acknowledgement: The two authors are partially supported by NSF in China No.11625106,
11571332 and 11721101. The first author is also supported by NSF in China No.11801535,
the China Postdoctoral Science Foundation (No.2018M642515) and the Fundamental Re-
search Funds for the Central Universities.
2. Preliminary results
Let (M,ω) be a Hermitian manifold and (E, ∂E, θ) a Higgs bundle over M . Letting H0
and H be two Hermitian metrics on the bundle E, we denote
(2.1) SH0(E) = {η ∈ Ω0(M,End(E))| η∗H0 = η},
and set
(2.2) h = H−10 H = exp s,
where s ∈ SH0(E) ∩ SH(E). It is easy to check the following identities
log(
1
2r
(trh+ trh−1)) ≤ |s|H0 ≤ r
1
2 log(trh+ trh−1);
∂H − ∂H0 = h−1∂H0h;
FH − FH0 = ∂E(h−1∂H0h);
θ∗H = h−1θ∗H0h,
(2.3)
where r = rank(E) and ∂H0 is the (1, 0) part of the Chern connection DH0 . Furthermore,
we have the following estimates (Lemma 3 (d) in [29], Proposition 2.7 in [33])
(2.4)
√−1Λω∂∂ log(trh) ≥ −|Φ(H0, θ)|H0 − |Φ(H, θ)|H
and
(2.5)
√−1Λω∂∂ log(trh+ trh−1) ≥ −|Φ(H0, θ)|H0 − |Φ(H, θ)|H .
The Dirichlet problem for the Hermitian-Einstein equation was first solved in [10] by
Donaldson for the Ka¨hler manifold case, in [33] for the general Hermitian manifold case.
The following proposition was proved in [32].
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Proposition 2.1 (Theorem 4.1 in [33]). Let (E, ∂¯E , θ) be a Higgs bundle over a compact
Hermitian manifold (X,ω) with non-empty boundary ∂X and H0 a Hermitian metric on
E. There is a unique Hermitian metric H on E such that
(2.6)
{√−1Λω(FH + [θ, θ∗H ]) = λIdE,
H|∂X = H0,
where λ is a constant.
Let H˜ be a solution of (2.6), f = log det(H0)
det(H˜)
and H := e
f
r H˜. It is easy to check that
(2.7)
√−1Λω(FH + [θ, θ∗H ]) = (λ−
√−1
r
Λω∂∂f)IdE.
So we have:
(2.8)
{√−1Λω(FH + [θ, θ∗H ])⊥ = 0,
H|∂X = H0.
Conversely, if we have a solution of (2.8), then we can get a solution of (2.6) by conformal
transformation. Using the uniqueness of (2.6), one can easily prove the uniqueness of
(2.8). So we obtain the following corollary.
Corollary 2.2. Let (E, ∂¯E, θ) be a Higgs bundle over a compact Hermitian manifold
(X,ω) with non-empty boundary ∂X and H0 a Hermitian metric on E. There is a unique
Hermitian metric H on E with det(H−10 H) = 1 on X satisfying (2.8).
Given η ∈ SH0(E), we can choose a local unitary basis {eα}rα=1 with respect to H0 and
local functions {λα}rα=1 such that
η =
r∑
α=1
λα · eα ⊗ eα,
where {eα}rα=1 denotes the dual basis in E∗. Let Ψ ∈ C∞(R×R,R) and A =
r∑
α,β=1
Aαβeα⊗
eβ ∈ End(E). We define:
Ψ(η)(A) = Ψ(λβ, λα)A
α
βeα ⊗ eβ.
Proposition 2.3 (Proposition 2.6 in [32]). Let (E, ∂¯E , θ) be a Higgs bundle with a fixed
Hermitian metric H0 over a compact Gauduchon manifold (X,ω) with non-empty smooth
boundary ∂X. Let H be a Hermitian metric on E satisfying H|∂X = H0|∂X . Then we
have the following identity:
(2.9)
∫
X
tr(Φ(H0, θ)s)
ωn
n!
+
∫
X
〈Ψ(s)(∂θs), ∂θs〉H0
ωn
n!
=
∫
X
tr(Φ(H, θ)s)
ωn
n!
,
where s := log(H−10 H) and Ψ is the function which is defined in (1.11).
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In the following, we always assume that the compact manifold X with non-empty
smooth boundary ∂X is a subset of the Hermitian manifold (M,ω). Let H be the unique
Hermitian metric in Corollary 2.2. Set exp s = h = H−10 H . By the condition det(h) ≡ 1
on X and the relationship between the geometric mean and arithmetic mean, one can get
that
(2.10)
1
r
tr(exp s) ≥ (det h) 1r = 1
on X . As that in [25], we extend log(tr(exp s)/r) and (|ΛωFH0,θ|H0)|X to the functions
log(tr(exp s)/r)∼ and |ΛωFH0,θ|∼XH0 on the whole M by setting 0 outside X .
Let g be the Hermitian metric with respect to ω. As usual, we denote the Beltrami-
Laplace operator on the Hermitian manifold (M,ω) by ∆g, and define the complex Laplace
operator ∆˜ω for functions as
∆˜ωf = 2
√−1Λω∂∂f.
It is well known that the difference of the two Laplacians is given by a first order differential
operator as follows
(∆˜ω −∆g)f = 〈V,∇f〉g,
where V is a smooth vector field on M . Usually the complex Laplace operator is not a
self adjoint operator.
Definition 2.4. A function f on the Hermitian manifold (M,ω) satisfying
(2.11)
√−1Λω∂∂f ≥ η
in weakly sense means that, for any nonnegative compactly supported smooth function ψ,
there holds
(2.12)
∫
M
f
√−1Λω∂∂(ψ ω
n−1
(n− 1)!) ≥
∫
M
ηψ
ωn
n!
.
Proposition 2.5. We have
(2.13)
√−1Λω∂∂ log(tr(exp s)/r)∼ ≥ −|ΛωF⊥H0,θ|∼XH0
in weak sense on M .
Proof Due to the inequality (2.10) and the boundary condition of H , we know
(2.14)
∂tr(exp s)/r
∂ν
≤ 0,
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where ν is the outer normal vector field at ∂X . Direct computations give us that
∫
M
log(tr(exp s)/r)∼ · √−1∂∂
(
ψ
ωn−1
(n− 1)!
)
=
∫
X
log(tr(exp s)/r) · √−1∂∂
(
ψ
ωn−1
(n− 1)!
)
=
∫
X
√−1∂
(
log(tr(exp s)/r) · ∂
(
ψ
ωn−1
(n− 1)!
))
−
∫
X
√−1∂ log(tr(exp s)/r) ∧ ∂
(
ψ
ωn−1
(n− 1)!
)
=
∫
X
√−1∂
(
∂ log(tr(exp s)/r) ∧ ψ ω
n−1
(n− 1)!
)
−
∫
X
√−1∂∂ log(tr(exp s)/r) ∧ ψ ω
n−1
(n− 1)! ,
(2.15)
where ψ is a test function. This means that
∫
X
√−1∂
(
∂ log(tr(exp s)/r) ∧ ψ ω
n−1
(n− 1)!
)
=
∫
X
log(tr(exp s)/r) · √−1∂∂
(
ψ
ωn−1
(n− 1)!
)
−
∫
X
√−1∂∂ log(tr(exp s)/r) ∧ ψ ω
n−1
(n− 1)! .
(2.16)
Similarly, we have
∫
X
√−1∂
(
∂ log(tr(exp s)/r) ∧ ψ ω
n−1
(n− 1)!
)
=
∫
X
log(tr(exp s)/r) · √−1∂∂
(
ψ
ωn−1
(n− 1)!
)
−
∫
X
√−1∂∂ log(tr(exp s)/r) ∧ ψ ω
n−1
(n− 1)! .
(2.17)
Combining the above two equalities, we deduce that
2
(∫
X
log(tr(exp s)/r) · √−1∂∂
(
ψ
ωn−1
(n− 1)!
)
−
∫
X
√−1∂∂ log(tr(exp s)/r) ∧ ψ ω
n−1
(n− 1)!
)
=
∫
X
√−1∂
(
∂ log(tr(exp s)/r) ∧ ψ ω
n−1
(n− 1)!
)
−
∫
X
√−1∂
(
∂ log(tr(exp s)/r) ∧ ψ ω
n−1
(n− 1)!
)
=
∫
X
d
(√−1(∂ log(tr(exp s)/r)− ∂ log(tr(exp s)/r)) ∧ ψ ωn−1
(n− 1)!
)
.
(2.18)
Now we should use the following result.
Lemma 2.6. Let (M,ω) be a Hermitian manifold, g be the Riemannian metric with
respect to ω. Then we have
(2.19) − ∗df = √−1(∂f − ∂f) ∧ ω
n−1
(n− 1)! ,
where ∗ is the Hodge star operator with respect to the Riemannian metric g and f is a
differential function on M .
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Proof Let θ be a 1-form. By a simple calculation, we obtain that
(2.20) θ ∧ ∗df = 〈θ, df〉gω
n
n!
= 〈θ1,0, ∂f〉gω
n
n!
+ 〈θ0,1, ∂f〉gω
n
n!
and
θ ∧√−1(∂f − ∂f) ∧ ω
n−1
(n− 1)!
=− θ1,0 ∧√−1∂f ∧ ω
n−1
(n− 1)! + θ
0,1 ∧√−1∂f ∧ ω
n−1
(n− 1)!
=− 〈θ1,0, ∂f〉gω
n
n!
− 〈θ0,1, ∂f〉gω
n
n!
.
(2.21)
Therefore, because of the arbitrary of θ, the above lemma follows.
Note that
(2.22) div(∇f)ω
n
n!
= d ∗ (df).
One can easily check that
(2.23) div(ψ∇f)ω
n
n!
= d ∗ (ψdf).
Hence we derive
2
(∫
X
log(tr(exp s)/r) · √−1∂∂
(
ψ
ωn−1
(n− 1)!
)
−
∫
X
√−1∂∂ log(tr(exp s)/r) ∧ ψ ω
n−1
(n− 1)!
)
=−
∫
X
d(∗ψd log(tr(exp s)/r))
=−
∫
X
div(ψ∇ log(tr(exp s)/r))ω
n
n!
=−
∫
∂X
ψ
∂ log(tr(exp s)/r)
∂ν
ωn
n!
≥0.
(2.24)
This implies
∫
M
log(tr(exp s)/r)∼ · √−1∂∂
(
ψ
ωn−1
(n− 1)!
)
≥
∫
X
√−1∂∂ log(tr(exp s)/r) ∧ ψ ω
n−1
(n− 1)!
≥−
∫
X
|ΛωF⊥H0,θ|H0ψ
ωn
n!
=−
∫
M
|ΛωF⊥H0,θ|∼XH0 · ψ
ωn
n!
.
(2.25)
This conclude the proof of the proposition.

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3. A proof of Theorem 1.1
Let’s first recall the following lemmas which are proved by Mochizuki in [25].
Lemma 3.1. (Lemma 2.20 in [25]) There exists an exhaustion function φ ∈ C∞(M).
Lemma 3.2. (Lemma 2.21 in [25]) There is a sequence of compact subsets Mi ⊂Mi+1 ⊂
M(i = 1, 2, . . .) with ∪Mi = M , where each Mi is a submanifold with non-empty smooth
boundary ∂Mi such that Mi \ ∂Mi is an open subset of M . Moreover, each connected
component of Mi has non-empty boundary.
Fix a number ai and let Mi denote the compact space {x ∈ M |φ(x) ≤ ai} with
boundary ∂Mi. By choosing a sequence ai → +∞ such that each ai is not a critical value
of φ, we have a sequence of exhaustion compact subsets Mi ⊂ M with non-empty smooth
boundary. Let’s consider the Dirichlet problem on Mi. Then corollary 2.2 tells us that
there exists a Hermitian metric Hi on E|Mi such that
(3.1)

√−1ΛωF⊥Hi,θ = 0,
Hi|∂Mi = H0,
det(H−10 Hi) = 1.
Set H−10 Hi = hi = exp si. We already know on Mi, it holds that
(3.2)
√−1Λω∂∂ log(tr(exp si)/r) ≥ −|ΛωF⊥H0,i |H0,i.
Now extend log(tr(exp si)/r) and (|ΛωF⊥H0,θ|H0)|Mi to the functions log(tr(exp si)/r)∼ and
|ΛωF⊥H0,θ|∼MiH0 on M by setting 0 outside Mi. According to Proposition 2.5, we obtain
(3.3)
√−1Λω∂∂ log(tr(exp si)/r)∼ ≥ −|ΛωF⊥H0,θ|∼MiH0
in weak sense on M . From the assumptions in Theorem 1.1, it can be seen that there
exists two positive constants C1, C2 such that for any i, we have
(3.4) sup
Mi
log(tr(exp si)/r) ≤ C1Bˆ + C2
∫
Mi
log(tr(exp si)/r) · ϕω
n
n!
.
Note that trsi = 0, it is easy to check that
(3.5) log(tr(exp si)/r) ≤ |si|H0 ≤ (r − 1)r
1
2 log(tr(exp si)).
So clearly it implies that
(3.6) sup
Mi
|si|H0 ≤ C3 + C4
∫
Mi
|si|H0 · ϕ
ωn
n!
,
where C3 and C4 are positive constants depending only on C1, C2, Bˆ and r.
Proof of Theorem 1.1
When the Higgs bundle (E, ∂¯E , θ) is H0-analytically stable on (M,ω), we will show
that, by choosing a subsequence, Hi converge to a Hermitian-Einstein metric H∞ in C
∞
loc-
topology as i→ +∞.
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(1)Uniform C0-estimate. By (3.6), the key is to get a uniform estimate for
∫
Mi
|si|H0 ·
ϕω
n
n!
, i.e. there exists a constant Cˆ independent of i, such that
(3.7) li :=
∫
Mi
|si|H0 · ϕ
ωn
n!
≤ Cˆ
for all i.
As that in [25], we prove (3.7) by contradiction. If not, there would exist a subsequence
i→ +∞ such that li → +∞. Set
(3.8) ui =
si
li
.
Then, we have
(3.9)
∫
Mi
|ui|H0 · ϕ
ωn
n!
= 1,
and
(3.10) sup
Mi
|ui|H0 ≤
1
li
(C3 + C4li) < C5 < +∞.
Now, we show that ‖ui‖L2
1
are uniformly bounded on any compact subset of M .
Based on Proposition 2.3, we deduce
(3.11)
∫
Mi
tr(
√−1ΛωF⊥H0,θui)
ωn
n!
+ li
∫
Mi
〈Ψ(liui)(∂θui), ∂θui〉H0
ωn
n!
= 0.
By the definition (1.11), it is easy to check that
(3.12) lΨ(lx, ly)→
{
(x− y)−1, x > y;
+∞, x ≤ y,
increases monotonically as l → +∞. Let ς ∈ C∞(R×R,R+) satisfying ς(x, y) < (x−y)−1
whenever x > y. Clearly Eqs. (3.11), (3.12) and the arguments in [29, Lemma 5.4] yield
that
(3.13)
∫
Mi
tr(
√−1ΛωF⊥H0,θui)
ωn
n!
+
∫
Mi
〈ς(ui)(∂θui), ∂θui〉H0
ωn
n!
≤ 0, i≫ 0.
From (3.10), we may assume that (x, y) ∈ (−C5, C5) × (−C5, C5). Note that 12C5 < 1x−y
when x > y. In particular, taking ζ(x, y) = 1
2C5
in (3.13), we immediately get
(3.14)
∫
Mi
tr(
√−1ΛωF⊥H0,θui)
ωn
n!
+
1
2C5
∫
Mi
|∂θ(ui)|2H0
ωn
n!
≤ 0,
for i≫ 0, and then
(3.15)
∫
Mi
|∂θ(ui)|2H0
ωn
n!
≤ 2C25
∫
Mi
|√−1ΛωF⊥H0,θ|H0
ωn
n!
≤ C6,
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where C6 is a uniform constant. Thus, ui are bounded in L
2
1 on any compact subset M .
By choosing a subsequence, we have ui ⇀ u∞ weakly in L
2
1,loc. Of course trsi = 0 and
(3.10) imply that
(3.16) tru∞ = 0, sup
M
|u∞|H0 ≤ C5 < +∞.
The condition
∫
M
ϕω
n
n!
< +∞ means that, for any ǫ > 0, there exists i0 such that
(3.17) 0 ≤
∫
M\Mi
ϕ
ωn
n!
< ǫ
for all i ≥ i0. Combining this and (3.9), (3.10) gives that
(3.18) 1 ≥
∫
Mi
|uj|H0ϕ
ωn
n!
= (
∫
Mj
−
∫
Mj\Mi
)|uj|H0ϕ
ωn
n!
≥ 1− C5ǫ
for any i0 ≤ i ≤ j. Noting that L21 →֒ L1 on any compact subset, we have
(3.19) 1 ≥
∫
Mi
|u∞|H0ϕ
ωn
n!
≥ 1− C5ǫ
for all i0 ≤ i, and then
(3.20) 1 ≥
∫
M
|u∞|H0ϕ
ωn
n!
≥ 1− C5ǫ.
This indicates that
(3.21)
∫
M
|u∞|H0ϕ
ωn
n!
= 1
and u∞ is non-trivial. If i0 ≤ i ≤ j, we derive∫
Mi
tr(
√−1ΛωF⊥H0,θuj)
ωn
n!
+
∫
Mi
〈ς(uj)(∂θuj), ∂θuj〉H0
ωn
n!
≤(
∫
Mj
−
∫
Mj\Mi
)tr(
√−1ΛωF⊥H0,θuj)
ωn
n!
+
∫
Mj
〈ς(uj)(∂θuj), ∂θuj〉H0
ωn
n!
≤2C5Bˆǫ,
(3.22)
where we have used (3.17), (3.13) and (1.5). Taking limits j → ∞ and i → ∞, one can
obtain
(3.23)
∫
M
tr(
√−1ΛωF⊥H0,θu∞)
ωn
n!
+
∫
M
〈ς(u∞)(∂θu∞), ∂θu∞〉H0
ωn
n!
≤ 2C5Bˆǫ.
The fact that ǫ is arbitrary in the above inequality obviously implies
(3.24)
∫
M
tr(
√−1ΛωF⊥H0,θu∞)
ωn
n!
+
∫
M
〈ς(u∞)(∂θu∞), ∂θu∞〉H0
ωn
n!
≤ 0.
Now following Simpson’s argument [29, Lemma 5.5], we conclude that the eigenvalues
of u∞ are constant almost everywhere. Let µ1 < µ2 < · · · < µl be the distinct eigenvalues
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of u∞. Because tr(u∞) = 0 and u∞ 6= 0, there must hold that 2 ≤ l ≤ r. For each
µα(1 ≤ α ≤ l − 1), we construct a function Pα : R→ R such that
Pα =
{
1, x ≤ µα;
0, x ≥ µα+1.
Setting πα = Pα(u∞), from [29, p.887], we have: (i) πα ∈ L21; (ii)π2α = πα = π∗H0α ; (iii)
(IdE − πα)∂¯πα = 0 and (iv) (IdE − πα)[θ, πα] = 0. By Uhlenbeck and Yau’s regularity
statement of L21-subbundle [31], {πα}l−1α=1 determine l−1 Higgs sub-sheaves {Eα}l−1α=1 of E.
Using the same argument as that ([29, Proposition 5.3]), we can prove that there must
exist a Higgs subsheaf Eα which contradicts the stability of (E, ∂¯E, θ). This completes the
proof of uniform C0-estimate.
(2) Uniform local C1-estimate. From the property that Hi satisfies the Hermitian-
Einstein equation (1.2) and det hi = 1 on Mi, it is easy to see that
(3.25) trFHi = trFH0 ,√−1Λω∂E∂H0hi = −
√−1Λωhi · F⊥H0,θ +
√−1Λω∂Ehi · h−1i · ∂H0hi
+
√−1Λω{[θ, hi] · h−1i · [θ∗H0 , hi]− [[θ∗H0 , hi], θ]},
(3.26)
and then
(3.27)
√−1Λω∂∂trhi = −
√−1Λωtr(hi · F⊥H0,θ)− |h
− 1
2
i · ∂H0hi|2H0 − |[θ, hi] · h
− 1
2
i |2H0 .
Let Ti = h
−1
i ∂H0hi. A direct computation gives us that
√−1Λω∂∂|Ti|2Hi ≥
1
2
|∇HiTi|2Hi − C7(|FH0|Hi + |θ|2Hi + |
√−1ΛωFH0 |Hi + |Rm(g)|g + |∇gJ |)|Ti|2Hi
− C8|DH0(ΛωFH0)|Hi|Ti|Hi − C9|∇H0θ|2Hi,
(3.28)
where the constants C7, C8, C9 depend only on the dimension n and the rank r. We will
follow the argument in [19, Lemma 2.4] to get local uniform C1-estimate. Let Ω be a
compact subset in M , d be a constant less than the distance of Ω to ∂Mi0 , where i0 is
large enough such that Ω ⊂ Mi0 . Set Ω1 = {x ∈ M |dist(x,Ω) ≤ 14d} and Ω2 = {x ∈
M |dist(x,Ω) ≤ 1
2
d}. Let’s choose two non-negative cut-off functions ψ1, ψ2 such that:
ψ1 =
{
0, x ∈ M\Ω1,
1, x ∈ Ω,
ψ2 =
{
0, x ∈ M\Ω2,
1, x ∈ Ω1,
and
|dψα|2 + |Λω∂∂ψα| ≤ C10, α = 1, 2,
where C10 is a constant depending only on d
−2 and the geometry of (Ω2, ω). Consider the
following test function
(3.29) ηi = ψ
2
1 |Ti|2Hi + B˜ψ22trhi,
where the constant B˜ will be chosen large enough later and i ≥ i0.
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It follows from (3.27) and (3.28) that
(3.30)
√−1Λω∂∂ηi ≥ ψ22(B˜e−C11 − C12)|Ti|2Hi − C13,
where C11 is a positive constant depending only on supΩ2(trhi + trh
−1
i ), C12 and C13
are positive constants depending only on supΩ2(trhi + trh
−1
i ), supΩ2 |FH0|H0 , supΩ2 |θ|2H0 ,
supΩ2 |
√−1ΛωFH0 |H0 , supΩ2 |DH0(ΛωFH0)|2H0, supΩ2 |∇H0θ|H0 , d−2 and the geometry of
(Ω2, ω). By choosing B˜ = e
C11(C12 + 1), then
(3.31)
√−1Λω∂∂ηi ≥ ψ22 |Ti|2Hi − C13
on M . Let ηi(P0) = supM ηi. According to the definition of ψα and the uniform bounded
on supΩ2 trhi , we may assume that P0 ∈ Ω1. The inequality (3.31) and the maximum
principle yield
|Ti|2Hi(P0) ≤ C13,
and then there exists a positive constant C14 depending only on supΩ2(trhi + trh
−1
i ),
supΩ2 |FH0 |H0, supΩ2 |θ|2H0 , supΩ2 |
√−1ΛωFH0 |H0, supΩ2 |DH0(ΛωFH0)|2H0 , supΩ2 |∇H0θ|H0 ,
d−2 and the geometry of (Ω2, ω), such that
(3.32) sup
Ω
|Ti|2H0 ≤ C14.
for all i ≥ i0. This concludes the proof of uniform local C1-estimate of Hi.
We use Mochizuki’s argument ([25]) to give a uniform L2 bounded on |∂H0hi|H0 =
|∂Ehi|H0. Applying (2.19) and the Stokes formula, one can deduce∫
Mi
√−1Λω∂∂trhiω
n
n!
=
1
2
∫
Mi
√−1(∂∂ − ∂∂)trhi ∧ ω
n−1
(n− 1)!
=
1
2
∫
Mi
√−1d(∂ − ∂)trhi ∧ ω
n−1
(n− 1)!
= −1
2
∫
Mi
d(∗dtrhi) = −1
2
∫
Mi
div(∇trhi)ω
n
n!
= −1
2
∫
∂Mi
∂trhi
∂νi
dv∂Mi ≥ 0,
(3.33)
where νi is the outer normal vector field at ∂Mi. This together with (3.27) and the
uniform bounded on trhi+trh
−1
i implies that there exists a uniform positive constant C15
such that
(3.34)
∫
Mi
(|∂Ehi|2H0 + |[θ, hi]|2H0)
ωn
n!
≤ C15.
Since we have obtained a uniform C0-estimate and uniform local C1-estimate on hi,
by the equation (3.26) and the standard elliptic estimates, we can derive uniform local
higher order estimates on hi. So by choosing a subsequence (which we also denote by
Hi), we know that Hi converges to a Hermitian metric H on whole M in C
∞
loc-topology
as i → ∞, and H satisfies the Hermitian-Einstein equation (1.2). Furthermore, (3.34)
implies:
∫
M
(|∂Eh|2H0 + |[θ, h]|2H0)ω
n
n!
≤ C15. This complete the proof of Theorem 1.1.
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4. Hermitian-Einstein metrics
In this section, we follow Mochizuki’s arguments to give a sufficient condition for the
uniqueness of Hermitian-Einstein metric in Theorem 1.1.
Proposition 4.1. ([25], Proposition 2.4) Suppose H1 and H2 are two Hermitian-Einstein
metrics of (E, ∂E , θ). Assume (1) H1 and H2 are mutually bounded, (2)
√−1ΛωFH1,θ =√−1ΛωFH2,θ. Then there exist a holomorphic decomposition (E, θ) =
⊕m
i=1(Ei, θ|Ei) and
a tuple (c1, . . . , cm) ∈ Rm>0 such that
(i) The decomposition E =
⊕m
i=1Ei is orthogonal with respect to both Hi(i = 1, 2),
(ii) H1|Ei = ciH2|Ei.
Proof Let h = H−11 H2. A direct computation gives us that
(4.1)
√−1Λω∂∂trh = |h− 12 · ∂H1h|2H1 + |[θ, h] · h−
1
2 |2H1 ≥ 0.
From Assumption 1, it can be seen that
√−1Λω∂∂trh = 0. This means |h− 12 ·∂H1h|H1 = 0
and |[θ, h] · h− 12 |H1 = 0. So ∂H1h = 0 and [θ, h] = 0. Obviously the fact that h is self-
adjoint with respect to Hi(i = 1, 2) implies ∂h = 0 and ∂H2h = 0. Then it follows that
the eigenvalues of h are constant. Let E =
⊕m
i=1Ei denote the eigen decomposition of h,
which is the one we desired.
Proposition 4.2. Let (M,ω) be a non-compact Gauduchon manifold satisfying the as-
sumption 1 and |dωn−1|ω ∈ L2(M). Suppose that there is a positive exhaustion func-
tion φ1 : M → R such that |d logφ1|ω ∈ L2(M). Let (E, ∂E , θ) be an analytically H0-
stable bundle on M . Assume that Hi(i = 1, 2) are Hermitian-Einstein metrics such that
(1)det(Hi) = det(H0), (2) Hi and H0 are mutually bounded. Then H1 = H2.
Proof Assume that H1 satisfies Theorem 1.1 and let h1 = H
−1
0 H1.
Firstly Proposition 4.1 gives us the decomposition (E, θ) =
⊕m
j=1(Ej, θ|Ej) such that
(1) the decomposition is orthogonal with respect to Hi(i = 1, 2), (2) H1|Ej = cjH2|Ej for
some cj > 0. Let πj denote the projection onto Ej with respect to the decomposition
and π∗H0j denote the adjoint of πj with respect to H0. Because H0 and Hi(i = 1, 2) are
mutually bounded, one can immediately knows that πj are bounded with respect to H0.
Set ∂H0,θ = ∂H0 + θ
∗H0 . Noting that θ∗H1 = h−11 θ
∗H0h1 and ∂H1 − ∂H0 = h−11 ∂H0h1, we
deduce
∂H0πj =∂H1πj − [h−11 ∂H0h1, πj]
=∂H1πj − [h−11 (∂H0,θh1 − [θ∗H0 , h1]), πj]
=∂H1πj − [h−11 ∂H0,θh1, πj ] + [h−11 θ∗H0h1 − θ∗H0 , πj ]
=∂H1πj − [h−11 ∂H0,θh1, πj ] + [θ∗H1 , πj ]− [θ∗H0 , πj ].
(4.2)
By Mochizuki’s arguments ([25]), we also consider the Hermitian metricH3 =
⊕m
j=1H0|Ej .
Then H3 and H0 are mutually bounded.
Set h3 = H
−1
0 H3. It can be expressed as that
(4.3) h3 =
m∑
j=1
π∗H0j ◦ πj .
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And there holds that ∂Eh3 ∈ L2(H0) and ∂H0h3 ∈ L2(H0).
Denote ∂E,θ = ∂E + θ. Then we obtain
Λω∂E,θ(h
−1
3 ∂H0,θh3)
=Λω∂E(h
−1
3 (∂H0h3 + [θ
∗H0 , h3])) + Λω[θ, h
−1
3 (∂H0h3 + [θ
∗H0 , h3])]
=Λω∂E(h
−1
3 ∂H0h3) + Λω∂E(h
−1
3 θ
∗H0h3 − θ∗H0) + Λω[θ, h−13 ∂H0h3]
+ Λω[θ, h
−1
3 θ
∗H0h3 − θ∗H0 ]
=Λω∂E(h
−1
3 ∂H0h3) + Λω∂E(θ
∗H3 − θ∗H0) + Λω[θ, h−13 ∂H0h3]
+ Λω[θ, θ
∗H3 − θ∗H0 ]
=Λω∂E(h
−1
3 ∂H0h3) + Λω[θ, θ
∗H3 − θ∗H0 ]
=ΛωFH3 − ΛωFH0 + Λω[θ, θ∗H3 ]− Λω[θ, θ∗H0 ].
(4.4)
According to the holomorphic decomposition (E, θ) =
⊕m
i=1(Ei, θ|Ei) with respect to
Hi(i = 1, 2), we have ∂H1,θπj = ∂H1πj + [θ
∗H1 , πj ] = 0 and ∂E,θπj = 0. Together with
(4.2), this means
∂H0,θπj =∂H0πj + [θ
∗H0 , πj ]
=− [h−11 ∂H0,θh1, πj]− [θ∗H0 , πj ] + [θ∗H0 , πj ]
=− [h−11 ∂H0,θh1, πj].
(4.5)
Since H1 is an Hermitian-Einstein metric on (E, θ), from Theorem 1.1, we can get that
∂H0h1, ∂H0,θh1, ∂H0πj and ∂H0,θπj are in L
2(H0). Then it follows that [θ
∗H0 , πj] ∈ L2(H0)
and [θ, π∗H0j ] ∈ L2(H0). So immediately we know ∂E,θπ∗H0j ∈ L2(H0).
One can easily check that
[θ, h3] =
m∑
j=1
(θ ◦ π∗H0j ◦ πj − π∗H0j ◦ πj ◦ θ)
=
m∑
j=1
(θ ◦ π∗H0j ◦ πj − π∗H0j ◦ θ ◦ πj + π∗H0j ◦ θ ◦ πj − π∗H0j ◦ πj ◦ θ)
=
m∑
j=1
([θ, π∗H0j ] ◦ πj + π∗H0j ◦ [θ, πj ])
=
m∑
j=1
[θ, π∗H0j ] ◦ πj .
(4.6)
Then it can be seen that [θ, h3] ∈ L2(H0) and [θ∗H0 , h3] ∈ L2(H0). This implies that
∂E,θh3 and ∂H0,θh3 are square integrable with respect to H0.
A direct computation gives us that
(4.7) ∂E,θ(h
−1
3 ∂H0,θh3) = −h−13 (∂E,θh3)h−13 ∂H0,θh3 + h−13 ∂E,θ∂H0,θh3
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and
(4.8) ∂E,θ∂H0,θh3 =
∑
∂E,θπ
∗H0
j ◦ ∂H0,θπj +
∑
π∗H0j ◦ [FH0,θ, πj ].
Due to the assumption |ΛωFH0,θ|H0 ≤ Bˆϕ, |ΛωFH0,θ|H0 is L1. Then we obtain the following
lemma.
Lemma 4.3. Λωtr∂E,θ(h
−1
3 ∂H0,θh3) is L
1.
Furthermore, we can derive
Lemma 4.4.
∫
M
tr(∂E,θ(h
−1
3 ∂H0,θh3)) ∧ ωn−1 = 0.
Proof Set χN := ρ(N
−1φ1), where ρ is a nonnegative C
∞-function such that ρ(t) = 0
if t ≥ 2 and ρ(t) = 1 if t ≤ 1.. Because tr(∂E,θ(h−13 ∂H0,θh3)) is L1, we just need to show
(4.9) lim
N→∞
∫
M
χN · tr(∂E,θ(h−13 ∂H0,θh3)) ∧ ωn−1 = 0.
Computing directly yields that∫
M
χN · tr(∂E,θ(h−13 ∂H0,θh3)) ∧ ωn−1
=
∫
M
χN · ∂(tr(h−13 ∂H0,θh3)) ∧ ωn−1
=
∫
M
χN · tr(h−13 ∂H0,θh3) ∧ ∂ωn−1 −
∫
M
∂χN · tr(h−13 ∂H0,θh3) ∧ ωn−1
=
∫
M
χN · ∂(log det h3) ∧ ∂ωn−1 −
∫
{N≤φ1≤2N}
ρ′
(φ1
N
)∂φ1
N
· tr(h−13 ∂H0,θh3) ∧ ωn−1
=−
∫
M
∂χN · log det h3 ∧ ∂ωn−1 −
∫
M
χN · log det h3 · ∂∂ωn−1
−
∫
{N≤φ1≤2N}
ρ′
(φ1
N
)∂φ1
N
· tr(h−13 ∂H0,θh3) ∧ ωn−1
=−
∫
{N≤φ1≤2N}
ρ′
(φ1
N
)∂φ1
N
log det h3 ∧ ∂ωn−1
−
∫
{N≤φ1≤2N}
ρ′
(φ1
N
)∂φ1
N
· tr(h−13 ∂H0,θh3) ∧ ωn−1.
(4.10)
Clearly |dωn−1|ω ∈ L2(M) and |d logφ1|ω ∈ L2(M) implies (4.9).
Combining (4.4) and Lemma 4.4, we obtain
(4.11)
∫
M
ΛωtrFH0 =
∫
M
ΛωtrFH3 =
m∑
i=1
∫
M
ΛωtrFH0|Ej .
From rankE =
∑m
j=1 rankEj , one can see that there exists j0 such that µ(E,H0) ≤
µ(Ej0, H0|Ej0 ). This contradicts with the analytic stability of (E, ∂E , H0). So H1 = H2.
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